Opinion leaders are ubiquitous in both online and offline social networks, but the impacts of opinion leaders on social behavior contagions are still not fully understood, especially by using a mathematical model. Here we generalize the classical Watts threshold model and address the influences of the opinion leaders, where an individual adopts a new behavior if one of his/her opinion leaders adopts the behavior. First, we choose the opinion leaders randomly from all individuals in the network and find the impacts of opinion leaders make other individuals adopt the behavior more easily. Specifically, the existence of opinion leaders reduces the lowest mean degree of the network required for the global behavior adoption, and increases the highest mean degree of the network that the global behavior adoption can occur. Besides, the introduction of opinion leaders accelerates the behavior adoption, but does not change the adoption order of individuals. The developed theoretical predictions agree with the simulation results. Second, we randomly choose the opinion leaders from the top h% of the highest degree individuals, and find an optimal h% for the network with the lowest mean degree that the global behavior adoption can occur. Meanwhile, the influences of opinion leaders on accelerating the adoption of behaviors become less significant and can even be ignored when reducing the value of h%.
Opinion leaders are ubiquitous in both online and offline social networks, but the impacts of opinion leaders on social behavior contagions are still not fully understood, especially by using a mathematical model. Here we generalize the classical Watts threshold model and address the influences of the opinion leaders, where an individual adopts a new behavior if one of his/her opinion leaders adopts the behavior. First, we choose the opinion leaders randomly from all individuals in the network and find the impacts of opinion leaders make other individuals adopt the behavior more easily. Specifically, the existence of opinion leaders reduces the lowest mean degree of the network required for the global behavior adoption, and increases the highest mean degree of the network that the global behavior adoption can occur. Besides, the introduction of opinion leaders accelerates the behavior adoption, but does not change the adoption order of individuals. The developed theoretical predictions agree with the simulation results. Second, we randomly choose the opinion leaders from the top h% of the highest degree individuals, and find an optimal h% for the network with the lowest mean degree that the global behavior adoption can occur. Meanwhile, the influences of opinion leaders on accelerating the adoption of behaviors become less significant and can even be ignored when reducing the value of h%.
Studying social behavior spreading on complex networks is a relevant topic in the social science. Peer influences originated from adopted neighbors can induce the susceptible individuals to adopt the behavior, and for further may lead to the global behavior adoption if the condition meets. Recently, the influences of opinion leaders in social contagion have attracted many attentions, and the question about what impacts will the opinion leaders bring is raised. In this study, we propose a generalized Watts threshold model which addresses the influences of opinion leaders on adopting social behavior. A general result is that the introduction of opinion leaders allows other individuals in the network adopt the behavior more easily. Besides, when the opinion leaders are randomly chosen from the top h% of the highest degree individuals, i.e., the opinion leaders having high mean degree, we find an optimal h% for the network with the lowest mean degree that the global behavior adoption can occur. Our study also reveals some other interesting insights, such as the opinion leaders can accelerate the adoption of behaviors, but increasing the mean degree of opinion leaders weakens this impact.
I. INTRODUCTION
Social contagion processes exist widely in human society. Examples include the propagation of an opinion, the diffusion of an innovation and the adoption of a behavior. With the rapid * quanhuiliu8@gmail.com † tangminghan007@gmail.com development of technologies, these processes become an integral part of our everyday life and attract more and more attention from the researchers in the area of network science [1] [2] [3] [4] [5] .
To understand the underlying mechanisms of the real social spreading phenomenon, many mathematical models have been established. The well-known model used to describe the social contagion is the threshold model [6] [7] [8] , where an individual adopts a new behavior if the number [6, 7] (i.e., Granovetter model and Centola-Macy model ) or the fraction [8] (i.e., Watts threshold model) of his/her adopted neighbors exceeds the adoption threshold. A remarkable phenomenon revealed by the Watts threshold model is that the final density of adopted individuals grows continuously and then decreases discontinuously as the mean degree of the network is increased [8] . Meanwhile, the global behavior adoption occurs more easily in the network when the heterogeneity of the distribution for individuals' adoption thresholds is increased [8] . Within the threshold model, the effects of network structure including the clustering coefficient [9, 10] , the community structure [11, 12] , weight [13] , multiplicity [14] [15] [16] and the temporal pattern [17] on the social contagion process have been investigated. Some other factors such as the initial seed size [18] , degree-dependent adoption thresholds [19] , trenddriven [20] , spontaneous adoption [21] and persuasion [22] also can affect the social contagion process. Besides, when the social reinforcement effect [23] [24] [25] [26] originated from the cumulative exposure of the behaviors is considered, a threestated non-Markovian social contagion model is also built in Ref. [27] .
A common assumption in the Watts threshold model is that the probability for an individual to adopt a new behavior is only determined by the state of his/her direct neighbors. In real-world, the factors which impact individuals on adopting a new behavior or enrolling an activity are not only arXiv:1805.00816v1 [physics.soc-ph] 2 May 2018 from the peer influences, but also from a wide variety of sources [28] [29] [30] , such as the synergy of having adopted other behaviors [31, 32] , the mass media [20, 33] , etc. Specifically, there is a kind of individuals defined as the opinion leaders, who have great influences in the opinions, attitudes, motivations and behaviors of others [34] [35] [36] [37] [38] . Since the opinion leaders exist widely in real world and they play a great role when a person is in making decision. There are many studies on the impact of opinion leaders in social contagion, ranging from the experiments to the data analysis and the modeling. In the early time, many experiments have shown that the opinion leaders are very effective in decreasing the rate of unsafe sexual practices [39] , cesarean births [40] and promotion of mammography screening [41] . With the development of Internet, many datasets are available for studying the online human behaviors. Such as the authors in Ref. [42] find that the opinion leaders on Twitter play a significant role in arousing individuals who have social surveillance motivations and in leading them to actively use Twitter. Besides, the opinion leaders encourage their followers to enroll an election, to participate a protest activity and other public political process by using the Twitter [42] . In the aspect of modeling evolutional game modeling, a repeated public goods game is employed and the authors find that the effort of leaders can reduce the likelihood that cooperation fails [43] . For the process of consensus-based decision-making, the groups benefit a lot from the leaders when there are the time pressures and significant conflicts of interest between members in the group [44] . In modeling the diffusion of technological innovation [45] , the threshold model is adopted in Ref. [46] and the authors study the impacts of different ways to choose the opinion leaders. In their model, the opinion leaders are set as the initial adopted seeds.They find that the opinion leaders with high sociality are the best choosing method for fast diffusion, and those with high distance centrality are the best way for the maximum cumulative number of adopters [46] . In studying the opinion leaders' role in the adoption of new products, the authors in Ref. [47] propose a model which considers individuals' preference and social influence. Specially, the social influence quantified by the fraction of adopted neighbors is not included in their model directly. Instead, it is regarded as a continuum, which the opinion leader with a small weight on this continuum compared with the generally individuals. They find the effects of opinion leaders increase the speed of contagion and the maximum adoption fraction [47] . Though many studies have been investigated on the impacts of opinion leaders in social contagion, a mathematic model which focuses on the impacts of the single individual's opinion leaders on his/her behavior adoption is still non-existent.
In this paper, we articulate a generalized threshold model to explore the impacts of opinion leaders on social behavior contagion. In this model, we assume the distribution for the number of opinion leaders that an individual follows in the network is Q(k 0 ), i.e., the probability for a random individual having k 0 opinion leaders. The network that we adopt to perform the contagion process is undirected and is produced by the uncorrelated configuration model [48] . A directed link is added between each follower and each of his/her leaders. The directed link is adopted since we may follow the celebrity, i.e., a kind of leader [49] , in the online social networks (e.g., Twitter, Weibo), who will not follow us. But once a celebrity who we follow adopts a behavior, we will adopt it with very large probability. For the sake of simplicity, the mechanism of opinion leaders is introduced that once an opinion leader of an individual adopts the behavior, this individual adopts the behavior too, ignoring whether the fraction of his/her adopted neighbors exceeds the adoption threshold or not.
At first, for each individual and based on Q(k 0 ), we randomly choose all other individuals from the network and assign them as the opinion leaders to this individual. In this scenario, the mean degree of the opinion leaders approximates the mean degree of the network. We find that the introduction of opinion leaders makes the behavior be adopted more easily. Specifically, the existence of opinion leaders reduces the lowest mean degree of the network required for the global behavior adoption, and also increases the highest mean degree of the network that the global behavior adoption can occur. Besides, the impacts of opinion leaders accelerate the adoption of behaviors, but do not change the adoption order of the individuals, which means the low-and mean-degree individuals are still responsible for triggering the global behavior adoption [8] . The theoretical predictions match with the simulation results. Secondly, we consider the situation that the opinion leaders are well connected in real world, such as the celebrity in the Twitter networks always having many followers. We randomly choose the individuals from top h% of the highest degree individuals and assign them as the opinion leaders to each individual based on Q(k 0 ). Note that the opinion leaders will have higher mean degree when the value of h% is set to be smaller. We find an optimal h% for the network with the lowest mean degree that the global behavior adoption can occur. For the networks with high mean degrees, decreasing the mean degree of opinion leaders (i.e., increasing h%) can increase the highest mean degree of the network that the global behavior adoption can occur. The impacts of opinion leaders become less significant and even can be ignored in accelerating the behavior adoption when the mean degree of the opinion leaders is increased (i.e., h% is reduced)
The paper is organized as follows: Sec. II introduces the model. In Sec. III we develop the theory when the opinion leaders are randomly chosen from the network. The simulation results and theoretical predictions are presented in Sec. IV. In Sec. V we summarize the conclusions.
II. MODEL
We generalize the Watts threshold model and study the opinion leaders' impacts on the behavior adoption of their followers on complex networks [2] . The uncorrelated configuration model [48] with a given degree distribution p(k) is adopted to produce the network, where the degree-degree correlations can be neglected for large and sparse networks. Nodes in the network represent the individuals and links denote the interactions between individuals. The distribution for the number of opinion leaders that an individual follows is Q(k 0 ). For the simplicity, we set the fraction of individuals with 3 or more than 3 opinion leaders as zero. And Q 0,1,2 (x, y, z) is used to denote the fractions of individuals with 0 opinion leader, 1 opinion leader and 2 opinion leaders respective as x, y and z. Therein, x ≥ 0, y ≥ 0, z ≥ 0 and x + y + z = 1. We consider two scenarios to choose the opinion leaders for each individual on the network. One is that we choose the individuals randomly and assign them as the opinion leaders to each individual. The second scenario is that the individuals who are going to be assigned as the leaders are chosen from the top h% of highest degree individuals. If two or more individuals are with the same degree, they are randomly ranked. Note that a directed link is added between each individual and each opinion leader of him/her. With this directed link, an individual can know whether his/her opinion leaders adopt the behavior or not. In the computation of the mean degree of the network and the fraction of adopted neighbors for an individual, only the undirected links are considered.
Initially, ρ 0 fraction of individuals are randomly chosen as the adopted individuals and the remaining individuals are set in the susceptible state. During the adoption process of the behavior, all individuals will be in one of the following two states, the susceptible state (S) and adopted state (A). The dynamical process evolves as each individual with degree k changes its state from S to A if one of his/her opinion leader adopts the behavior or the fraction of its adopted neighbors exceeds the adoption threshold. The dynamics terminates when there is no adoption process.
III. THEORY FOR RANDOM OPINION LEADERS
We use the treelike approximation method [18] to derive the final adoption density denoted by ρ ∞ when the opinion leaders are randomly chosen from all individuals in the network. As described in the model, there are two cases that an individual will adopt the behavior. The first is that if one of his/her opinion leaders adopts the behavior. The second is that the fraction of adopted neighbors exceeds the adoption threshold. Let ρ t represent the fraction of adopted individuals at time t, and q t be the probability that a random neighbor of an individual is in the adopted state at time t. Thus, for an individual with susceptible state initially, the probability that he/she adopts the behavior at time t only caused by his/her opinion leaders is calculated as
Therein, (1 − ρ t−1 ) k0 represents the probability that none of his/her k 0 opinion leaders adopt the behavior. L t is only correlated with Q(k 0 ) and ρ t−1 .
For an individual of degree k and only with the peer influences, the probability for him/her adopting the behavior at time t is
denotes the probability that the adoption threshold of an individual is less than x. For the simplicity, we assume all individuals are with the same adoption threshold T 0 . That is,
Combining both the influences from opinion leaders and peers, the fraction of adopted individuals at time t is computed as
where B k,m (q) is a binomial expression equal to
. Using the similar derivation method, the probability that a random neighbor of a susceptible individual is in adopted state at time t is
where z is the average degree of the network equal to k kp(k). By iterating Eqs. (3) and (4) with q 0 = ρ 0 , one can determine ρ t for any t > 0, and both ρ t and q t converges to ρ ∞ and q ∞ , respectively, when t → ∞. Thus, the final adoption density ρ ∞ is determined.
Another interesting point is the critical condition that determines whether a global behavior adoption may occur or not. By linearizing Eq. (4) near q = 0, we can get the following equation (The detailed derivation is presented in the Appendix part.)
The condition that the global behavior adoption occurs is q t ≥q t−1 since this guarantees that q t increases with t. For infinite initial fraction of adopted individuals, we can approximate this critical condition as
We will find when Q(0) = 1, Eq. (6) reduces to the condition derived by Watts using percolation method [8] .
IV. NUMERICAL VERIFICATION
In this section, we present the simulation results and the theoretical predictions. We perform the simulations on Erdö-Eényi (ER) [50] and scale-free (SF) [48] networks. For the SF with the minimum degree k min = 3, maximum degree k max ∼N 1/(γ−1) and γ = 3.0. Unless otherwise specified, the network size is set as N = 10 5 and the adoption threshold for all individuals are set as T 0 = 0.18. Initially, ρ 0 = 10
fraction of individuals are randomly chosen and are set in the adopted state. The remaining individuals are in the susceptible state. At least 10 3 independent dynamical realizations on a fixed network are used to calculate the pertinent average values, which are further averaged over 20 network realizations.
A. Opinion Leaders with mean degree equal to network
In this part, we present the simulation results and theoretical predictions for the scenario that the opinion leaders are randomly chosen in the network.
Figs. 1 (a) and (b) respectively present the final adoption densities versus the mean degree z of ER and SF networks.
From both kinds of networks, we find the impacts of opinion leaders make the behavior be adopted more easily. Specifically, the existence of opinion leaders not only reduces the lowest mean degree of the network required for the global behavior adoption, it also increases the highest mean degree of the network that the global cascade can occur. For example, in Fig.1 (a) , when all individuals in the network have no opinion leaders, i.e., Q 0,1,2 (1, 0, 0), the model reduces to the classical Watts threshold model. The lowest mean degree of the ER network required for the global behavior adoption occurring is z = 1.0. When the influences of opinion leaders are incorporated, e.g., Q 0,1,2 (0.8, 0.2, 0.0), it is equal to add the edges (i.e., the directed dependent edges between an individual and his/her opinion leaders) on the network which increases the practical mean degree of the network. Thus, the global adoption of behavior can occur even z < 1. When the mean degree of the network is increased, it becomes difficult for individuals to adopt the behavior because they need more adopted neighbors to exceed the adoption threshold. Therefore, the final adoption density is suddenly decreased to zero [8] when the mean degree of the network crosses a critical value (i.e., the highest mean degree). Additionally, with the influences of opinion leaders, increasing the fraction of individuals with the opinion leaders will enable the global behavior adoption occurring on the network with higher mean degree. These conclusions hold in SF networks as well [see Fig.1 (b) ]. The simulation results match well with the theoretical predictions.
Next, we investigate the impacts of opinion leaders on the final adoption density in the plane (Q 1 , z). Q 1 denotes the fraction of individuals in the network with one opinion leader and the fraction of individuals with two and more than two opinion leaders is fixed as zero. Then the fraction of individuals with no opinion leaders is 1 − Q 1 . We adopt the uniform adoption threshold for all individuals and set T 0 = 0.18. The color-coded values in Fig. 2 represent the final adoption densities. Figs. 2 (a) and (b) respectively represent the simulation results and the theoretical predictions from Eqs. (3) and (4) on ER networks. As we found in Fig. 1 that increasing the fraction of individuals with opinion leaders decreases the lowest mean degree required for the network that the global behavior adoption can occur, it also enlarges the highest mean degree of the network that the global cascade can persist. Here, we also find the same results as shown in Fig. 2 . Meanwhile, the theoretical predictions agree well with simulation results. Again, similar phenomena can be observed in SF networks. Two lines in Fig. 2 (b) are the boundaries from Eq. (6). Although the line does not match well with the boundary for network with high mean degree, it can qualitatively reflect the trend of the highest mean degree of the network that the global cascade can persist when increasing Q 1 . We didn't show the boundaries for the SF networks in Fig. 2 (d) since the degree heterogeneity causes the large fluctuation of the numerical results [22] .
To get a deep understanding on how the opinion leaders of individuals impact the adoption process, we calculate the mean degree of newly adopted individuals and the cumulative density of adopted individuals versus time t, as shown in [e.g., Q 0,1,2 (0.8, 0.2, 0.0)] and without opinion leader [e.g., Q 0,1,2 (1.0, 0.0, 0.0)], both them display the same trend, where low-and mean-degree individuals adopt the behavior first and then trigger the global behavior adoption. It implies that the opinion leaders will not change the adoption order of the individuals [8] . The average degree of newly adopted individuals increases first and then decreases, which can be explained as follows. Initially, there are few adopted individuals. Compared with the individuals of high degree, the individuals with low degree are more likely to exceed the adoption threshold and then adopt the behavior first. With continuous behavior adoption, there are more and more adopted neighbors around the high degree individuals, which will lead them to adopt the behavior. Finally, the nodes in the periphery of the network are going to adopt the behavior.
Besides, in contrast with the Watts threshold model, i.e., Q 0,1,2 (1.0, 0.0, 0.0), the existence of opinion leaders can accelerate the spread of behaviors. It can be explained as follows. The behavior adoption of an opinion leader will lead her/his followers to adopt the behavior ignoring whether their fractions of adopted neighbors exceed the adoption thresholds or not, as shown in Figs. 3 (c) and (d) ]. Specifically, when comparing Q 0,1,2 (0.6, 0.4, 0.0) with Q 0,1,2 (0.8, 0.2, 0.0), we will find that the larger the fraction of individuals with the opinion leaders, the less time is needed for the behavior adoption approaches the final state. These conclusions hold for both ER and SF networks.
B. Opinion Leaders with high mean degree
In the previous part, we chose the opinion leaders randomly from all individuals in the network. In such scenario, the mean degree of the opinion leaders is approximate to the mean degree of the network. In real world, the opinion leaders, such as the celebrity, are well connected. To consider this situation, in this part we investigate the impacts of opinion leaders on the adoption of behaviors when the opinion leaders are with high mean degree. Firstly, we rank the individuals by their degrees from high to low. If two or more individuals are with the same degree, they are randomly ranked. The individuals who are going to be assigned as the opinion leaders are randomly chosen from the top h% of the highest degree individuals. If h% = 100%, the leaders are randomly chosen from all individuals which reduces to the previous part (i.e., the opinion leaders are with the mean degree equal to the mean degree of the network). The smaller value of h%, the higher mean degree of the opinion leaders.
Firstly, we study the effect of mean degree of the network on the final adoption densities for different h%. The fraction of individuals with one opinion leader is fixed as 0.2 and other individuals are with no opinion leaders. For the ER network with the low mean degree, as shown in Fig. 4 (a) , when the mean degree of the opinion leader is increased (i.e., decreasing h%=100% to h%=0.01%), we find the lowest mean degree of the network required for the global behavior adoption decreases first and then increases. It means there exists an optimal mean degree of the opinion leaders for the network on which the global behavior adoption can occur with the lowest mean degree. It can be explained as follows. If we randomly choose the opinion leaders from all individuals in the network, i.e., h% = 100%, most of them will have degree equal to one. It's difficult for these opinion leaders to adopt the behavior since they are not in the giant component [Here the new added directed links between a follower and his/her opinion leaders are included in making up the giant componet]. Thus, the effects on stimulating their followers to adopt the behavior can be ignored. If we appropriately increase the mean degree of opinion leaders, i.e., h% = 1%, the opinion leaders are more likely to be chosen from the giant component and are not with higher degrees (compared with h% = 0.01%). In this case, the opinion leaders will adopt the behavior and also stimulate their followers to adopt the behavior. However, if the opinion leaders are with the higher mean degree, i.e., h% = 0.01%. Though they are in the giant component, it is difficult to adopt the behavior because they need more adopted neighbors compared with h% = 1% to exceed the adoption threshold. Meanwhile, as presented in Fig. 1 , when the mean degree of the network is increased crossing a critical value, the final adoption density is suddenly decreased to zero [8] . Additionally, increasing the mean degree of the opinion leaders makes it difficult for the opinion leader themselves to adopt the behavior first. Thus, the highest mean degree of the network that the global behavior adoption can occur is decreased when the mean degree of the opinion leaders is increased. These results hold the same for the SF networks, as shown in Fig. 4 (b) . We investigate the final adoption density in the plane (h%, z). As we reported for the simulation results in Fig. 4 , decreasing h% from 100% to a smaller value (i.e., 0.1% for ER network and 1% for SF network), the lowest mean degree required for the global adoption decreases first and then increases, as shown in Fig. 5 . For the network with high mean degree, increasing the value of h% enlargers the highest mean degree of the network that the global behavior adoption can occur. These results hold for both the ER and SF networks.
Finally, we also calculate the mean degree of newly adopted individuals and the adoption density versus time t in ER and SF networks, as shown in Fig. 6 . First, we find that the opinion leaders of high degrees have no impact on the adoption order of individuals, which means the low-and mean-degrees individuals are still responsible for triggering the global behavior adoption. Besides, the higher the mean degree of the opinion leaders, the less the influences of opinion leaders in accelerating the adoption of behavior, since it becomes difficult for the opinion leaders to have enough adopted neighbors to exceed the adoption threshold. Specifically, when h% = 0.01%, the impacts of opinion leaders even can be ignored, e.g., the line for h% = 0.01% overlapping with the line of Watts threshold model in Figs. 6 (a) and (c) .
V. CONCLUSION
Social behavior spreading is a kind of complex contagion since there are many factors nonlinearly impacting the adoption of behavior. In this paper, we purpose a generalized Watts threshold model incorporating the influences of opinion leaders in the behavior adoptions of their followers on complex network. Described in Watts threshold model, once the fraction of adopted neighbors of an individual exceeds his/her adoption threshold, he/she adopts the behavior. The mechanism of opinion leaders is introduced that an individual adopts the behavior when one opinion leader of this individual adopts the behavior. Two scenarios are put forward to choose the opinion leaders for each individual. One is that the individuals are randomly chosen from all individuals in the network. In this case, the mean degree of these chosen opinion leaders approximates the mean degree of network. The second is that the opinion leaders are chosen from the top h% of individuals with the highest degrees. The smaller value of h%, the higher the mean degree of the opinion leaders. We systematically study the impacts of opinion leaders on behavior spreading for each scenario.
When the opinion leaders are randomly chosen from all individuals in the network, we find that the impacts of opinion leaders not only reduce the lowest mean degree of the network required for the global behavior adoption, also enlarge the highest mean degree of the network that the global behavior adoption can occur. Besides, the introduction of the opinion leaders accelerates the spread of behaviors, but it does not change the adoption order of the individuals. The theoretical predictions match with the simulation results.
When the opinion leaders are chosen from the top h% of individuals with the highest degree, we find there exists an optimal h% for the network with the lowest mean degree that the global behavior adoption can occur. The global behavior adoption becomes difficult when increasing the mean degree of opinion leaders. The impacts of opinion leaders in accelerating the spread of behaviors become less effective even can be ignored when the opinion leaders are with higher mean degree.
In this paper, we have studied how the opinion leaders-an important role in social contagion-of individuals impact the spread of behaviors. We purpose a mathematic model to describe the impacts of opinion leaders with the framework of Watts threshold model when the opinion leaders are random chosen from the network. Our results firstly present the influences of individual's opinion leaders on his/her behavior adoption in complex networks. The theory allows us to understand how the characteristic of opinion leaders shapes the behavior spreading. However, a number of questions still remain. For example, when the opinion leaders are chosen from the individuals with the high k-core [51] , high PageRank [52] or high LeaderRank [53] , will the current conclusion keep the same? Meanwhile, a more accurate and general theory method is still to be developed for the case of opinion leaders with high centrality. Our work may provide some suggestions in controlling or promoting the behavior adoption in real world, and also can stimulate more researches on social behavior spreading that takes into consideration both realistic spreading mechanisms and network topologies.
